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VIII. Guided Waves in Planar Structures 

Characteristics of Plane Wave Solutions; 

For the record, let us restate the frequency domain, macroscopic Maxwell's equations which are 
valid in the high frequency or optical regime for a linear, local, isotropic medium — viz. 

VxE(f ,co) = V X8~'(f ,(o) D(r,co)=-/coB(r,co)=-/co|j.oH(r,co) [VIII- la] 

VxB(r,a)) =iIq VxH(r,a))= ix^ j(f,a)) + /a)|i.o8(f,a)) • E(f,a)) 

-w^ ^ ^ [VIII- lb] 
=|io J(r,a)j + ia)|ioD[r,a)j 

V e(r,a)) E(r,a)) = V D (r,a)) = p (r,co) [ VIH- Ic ] 

V B (r,©) =|i V •H(r,a)) = [ viH- Id ] 

Further, in regions free o f explicit sources of current and charge we may write 

V xE(f ,co) =- / co|ioH(r,(o) [ yill- 2a ] 

V xH(f,a)) = / a)8,ff(f,a)) • E{m) ^ ] 

V e(r,to) E (f ,0)) = [ vill- 2c ] 

V •H(r,a)) = [ viH- 2d ] 

where 8^(f(r,(o) =8 eff (? .w) - i o (f ,(o) /o) . In this set of lectures it is our intention to explore in 

some depth plane wave propagation within a uniform medium ~ i.e. ^efij'^) - ^eff{^) . To that 
end we consider a plane wave solution in the form 



R. Victor Jones, February 29, 2000 



On Classical Electromagnetic Fields 



Page 75 



E(r, co) = E(a)) exp(- / r • k) = E{(o) exp[-i (xk^ + yk^ + z fcj] [ VIII- 3 ] 



which may pictorially represented as 



Therefore 




y 




V co) = V jE(a)) exp(- / r • k)] =- / k • E(r, to) 
V xE(r, co) = V x[e(co) exp(-/ r • k)] = - / k x E(r, co) 



[ Vm- 4a ] 
[ vm- 4b ] 



and the Maxwell's equations formulated in Equation [Vni-2 ] become 
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-/ kxE(f,a)) =-/a)|i.oH(r,co) 
-/ kx H(f ,0)) = / o)e(o)) E(f ,0)) 
-jkE(r,co) = 
-i k • H(f ,(o) = 



[ Vm- 5a ] 
[ VIII- 5b ] 
[ vm- 5c ] 
[ VIII- 5d ] 



Operate through on both sides of Equation [ VIII- 5a ] with the operator "k x " we obtain 

kx[kxE(f,a))]=a)|X(, kxH(f,a)) [VIE- 6a] 

Using the "bac-cab" rule^^ and Equation [ VIII- 5b ] this becomes 

k [k • E(r,co)] - [k • k] E(f ,co) = -w' [i^ 8,^(0)) E(r,co) [ VIII- 6b ] 



or finally 



[k-k] E(f,a))=a)^^io£e£fHE(f,a)) ^ A;^= co^q 8,g(a)) [ VIE- 6c ] 



Substituting these results into Equation [ VIII- 5a ] we obtain 

H(f,(o)= ((0|io)"' k [kxE(f,(o)]= Je,g((o)/|io [kxE(f,co)] [VIII-7] 



so that the wave impedance is given by 

r((xi) = |E(?,a))^|H(?,a))|= Jjlje^^ 



[ vm- 11 ] 



30 



That is a X (bxc)= b(a-c)-c(a- b). 



R. Victor Jones, February 29, 2000 



On Classical Electromagnetic FmLDS 



Page 77 



Thus, the complete expression for an electromagnetic plane wave propagating in a direction 
k in a uniform medium is given by 



E{r,t) = E((o)exp[-7 (r- k-co r)j 
H(r, r)=[ri(a))]"' [kxE(r,(o)] 



[ VIII- 9a ] 
[ VIII- 9b ] 



ELECTROMAGNETIC INTERFACIAL CONTINUITY CONDITIONS: 



The previous section gives a complete plane wave solution within a particular uniform, 
linear, isotropic medium. The key remaining problem is to find how that solution may be 
extended into a second uniform, linear, isotropic medium. The conditions for extending 
the solution across an interface between two materials are give by consideration of the 
appropriate integral forms of Maxwell's equations — viz. 

d 



|E(r, t) ■ dl = -— II B(r, t) ■ dA 



[ Vm- 10a ] 



^H{r, t) ■ dJ = ^^J{r, t) ■ d A +j-J^D{r,t) ■ d A [VIII- 10b] 

Applying these equations to the small thought loop that spans the interfacial surface, as 
illustrated below 



"Thoughtl'bop 



Medium 1 
[8i'ai' 



i*-^^ Interface 



/ 

AL 



X Medium 2 

[£2 '02' |I2] 



it is seen that Equation [ VIII- 10a ] yields 
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^E{r,t) ■ dl ^{E^{r, t)-E^{r,t)] -x AL =>0 [VIE- 11 ] 

unless B(r, t) is pathologically large over the loop. Similarly, it is seen that Equation [ 
Vlll- 10b ] yields 

^n{r,t)-dl ^{il^{f,t)-H,{r,t)} -T AL =>0 [VIE- 12] 

unless j( r, t) and/or D(r, t) are pathologically large over the loop. 

In words and in general, the tangential component of the electric 
field strength E{r,t) and the magnetic field strength H(r, t) are 

continuous across an interfacial surface between two materials 
unless the electric current density j{r,t), the magnetic flux 
density B{f,t), or the electric flux density D(r, are 
pathologically large near that interfacial surface. 
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The Mathematical Representation of Fields: 

In abstract vector form, the incident field is given by^^ 



. - 1 / ^ ^ [Vin-13a] 



Note: In this figure we have taken the plane of reflection to be identical to the plane of incidence. While 
assumed here for simplicity, this important identity is establish in the analysis below. 

A note on notation: The subscripts _L and 1 1 refer to the polariztion of the electric field taken with respect to the 
plane of incidence. The _L field components are also called transverse electric or TE components and the II 
field components are called transverse magnetic or TM components. 
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the reflected field is given by 

E-f = {Ef - ri 1 k'"'x } exp(-/ k, V.'^'- ?) 



[ Vm- 14a ] 



[ vm- 15a ] 



and the transmitted field is given by 

E'"'"= {e^- k'^^"xHr} exp(-/ k'™?) 

jjtran^ |gtran_^^-l ^ tran ^ j, tra„| gxp (- / it ^ k f ) 

In coordinate form these equations become: 

ginc ^ {Ef y- Ti J- cose,„, x+ sine,„, z]x[Hiry]} exp [-/fc,(-xcose,„, +z sinG^^J] 
H- = {H;ry+ili'[-cose,„, x + sine,„,z]x[Ery]}exp[-/fc^(-^cose,„,+zsine,„J] 

E-f = {Ef y- 111 [cose^^f x+ sine,,, z]x[H-^y]} exp [-ik, {xoos%^^, + z sine J] 
H'^^= {H[ry+Ti-'[cose,,, x + sine,,f z]x[Ef y]} exp[-/fci (xcosS^^.-i-zsine J] 

gtran^ {Er-y- Ti , [-cose,,„x + sin0,,„ z]x[H;r"y]} exp [-ik, (-^cose,,„+z sine J] 
H'-= {H--:y +Tl-2^[- cose,,„ x+ sine,,„ z]x [Ef-y]} exp \-ik, (-xcose„,„+ z sine J] 

Or expanding out the cross-products: 

E"' = {Ery+(TliH7) [cosei„, z + sine^^, x]}exp [-ifcj(-^cosei„, +zsinei„j] 
gmc ^ |H;-y- (n^' E7) [cosei„, z + sine^^, x]} exp [-/ k, (-xcose^^, +z sine^^j] 



[ vm- 13b ] 



[ VIII- 14b ] 



[ vm- 15b ] 



[ vm- 13c ] 
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|Efy + (riiHf) [-cosG^^f z+ sine^^^ x]} exp[-/^i(xcose^^f + zsin0^j] 
H'''= {h;' y - (t|^' Ef ) [- cosG^^f z+ sinG^^j x]} exp[-/ (xcosG^^^ + z sinG^j] 

E«-= {Ery+(Ti, Hir) [cosG,,„z + sinG,„„x]}exp [-ik ,{-xcosQ,^^+zsmQ,j] 
H"'"= {h|^' y- (ti"2 e;;;'") [cosG,,,„ z+ sinG,,,„x]} exp [- j fc^ (-xcosG,,,„+ z sinG, j] 

Applying any kind of continuity conditions at the interface requires that 

G ,= Laxv of Sinus [VIII- 16a] 

K sin0tran= K ^"^^ mo ^-^.w of SttcCC [ VIH- 16b ] 

Applying, in particular, the continuity conditions discussed in the previous section ~ viz. 

[Ex] =[Ei] and [h^] = [h1] [ VIII- 17 ] 

>■ J tang >■ J tang >■ J tang >■ J tang 



at the interface, requires that 

ginc _|_ gref p^tran 

Tl-^cosG,„, [Ef - Ef ] = Ti-^cosG,,„[Er] 

and that 

Hinc I Tjref Tjtran 
II +^\\ 

tIjCosG^, [Hf - Hf ] = Ti,cosG„,„[Hr] 

These two sets of equations yield the Fresnel Reflection Equations ~ viz. 

Ef _ rri-'cosG.„,-ri-'cos6,,J 



[ vm- 18 ] 



[ VIII- 19 ] 



E 



1"' [tI^'cosGj^^+ti^'cosG, 



[ vm- 20a ] 



[ VIII- 14c ] 
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and 



Hr L^iCosei„,+Ti2cose,,,„ 



[ VIII- 21a ] 



Since r] j ' sin = T] 2 sin ^ 



and 



Ef ^ cos0i„, sin0.,,„- cos0,,,„sin0i„, ^ sin(0,,,„-0i„,) 
E"" cos0ij,(, sin0,j3„+cos0(janSin0i„c sin 

inc / 



[ VIII- 20b ] 



h; 



^ cos0ine sin0i„^ - cos0.,,„sin0.,^„ ^ tan(0i„,-0,J 

Hr cos0i„, sin0i„, + cos0,,,„sin0,,,„ tan (0i„, +0, J 



[ Vm- 21b ] 



These equations taken together with first equations from Equations [ VIII- 18 ] and 
[ VIII- 19 ] yield the Fresnel Transmission Equations ~ viz 



Ef 



2cos0i„, sin0^,,„ 



cos0i„, sin0,^^„+cos0,,,„sin0i„^ 



[ VIII- 22 ] 



and 



2 cos0,„,. sinO, 



H|| cos0i„, sin0i„^ + cos0^,,„sin0„^„ 



[ vm- 23 ] 
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0.2 



FAMOUS Fresnel Reflection Curves ( n2/«i= ^i/«2= 7^2/^1 = 1-5 ) 

Hra 
■I 



Gj^j (fraction of -n/S) 






0.2 0.4 



The minimum (zero) in H[|''7h["'' occurs at the Brewster angle where 



0.6 O.S 1 
Gi„ (fraction of tt/S) 



. /^vBrewster, ^Brewste)l 



or 



e Brewster _/t q 
tran - Tt/^-f 



tran y 

Brewste 



inc 



[ Vm- 24a ] 
[ vm- 24b ] 



or (from Snell's equation) 



tane^~= Tii/Ti2 = njn,= Jejei 



[ VIII- 24c ] 
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Total Internal Reflection 

Reconsider Equation [ VIII- 15c ] and use Snell's law to write the exponential factors in 
the form 



E' 



= |E;["y + (ri2H;['") [cose,^^„z+sine^^^„x]}exp ix J^'- ^'sin'0,„^ exp[-/z ^sinGj [ VHI- 25 ] 



When sin9i„^ > ^2/^1 = «2/«i=sin0|^^', E^^ , the solution in medium 2, is 
attenuated! 



incident 
beam 




attenuated 
field 



Reconsideration of Equation [ Vni- 20a ] and [ VIII- 21a ] shows that the magnitude of 
the reflection coefficients are one when sin9:„^ > sin9=!,"' ~ viz. 



Ef [ cose,„,-/Jsin^e,,-(y^)^ ^ 
Ex Lcose,„, + /Jsin'e,„,-(v^) J 



= exp-j-j 2 tan 



r 

-i| V 



sin'ei„,-(fc2/^i) 



cos9=„ 



[ Vm- 26a ] 



and 
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H 



ref 



h: 



= exp 



- 7 2 tan ^ 



COS0, 



[ Vm- 26b ] 



PARALLEL PLATE WAVEGUIDE ; 

Consider the propagation of a plane wave between two parallel perfectly conducting planes. 





Perspective view 



Side view 



Combining Equations [ VIII- 13c ] and [ VIII- 14c ], the electric field strength of the TE 
wave in the region between the plates may be written 

Ex = y E"' exp(ix k, cos0i„,) + Ef Qxp(-ix k, cos0,„,)] exp(-/ z k, sinOi^J [ viII-27 



At X = the field parallel to the surface of a perfect conductor must be zero so that 



E^^'^=-E"'' and, therefore, 



Ei = yE"'' exp^/x cos9i„^j- exp^-/xA:iCOS0,„^j exp(-/z ^ sinGj^J 
= y 2i E"" sin ^xk^ cosGj^^. j exp(- i z P) 



[ vni-28 ] 
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where P= sinGj^^ . At the upper surface ~ /. e. x = d — the field parallel to the surface of 
a perfect conductor must also be zero so that 

dk^cose^^^=nn where n= 1,2,3,... [ VIII-29 ] 

and, therefore, 

Pte„ = K sinGi^, = Jk^- kl coiQ-^^ = - (n njdf wheren= 1,2,3,... [Vni-30] 

which is the dispersion relationship for TE waves in a parallel plate 
waveguide with "cutoff" frequencies at 

tof = {n Ti/d) (Ji^Fj) wheren= 1,2,3,... [ vni-31 ] 
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Again combining Equations [ VIII- 13c ] and [ VIII- 14c ], the electric field strength of the 
TM wave in the region between the plates may be written 
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E||= z(rii cos0i„,) {h7 exp(ixk^cosQ,^^)-ll\f oxp(-i xk^cosd^^^)^ex^-i zk^sinQ,^^) 

+x(TiiSinei„J {h"' exp(/x k, cosGJ + H,'' exp(-/x k, cosGi^J} exp(-/z k, sinG^^J ^^^^^ 



At X = the field parallel to the surface of a perfect conductor must be zero so that 

Iref Tjini 
II - ^1 



H[|^^= H"'' and, therefore. 



E„= z 2 i Hir (ill cosGi„,) sin(x k, cosGi„,) exp(-iz p) 

/ ^ / \ / [VIII-33] 

+x 2 H- (t1i sinG,„,) cos(x k, cosG,„,) exp(-/z P) 

where P= k^ sinGi^^.. At the upper surface ~ i.e. x=d — again the field parallel to the 
surface of a perfect conductor must also be zero so that 

dk^cosQ-^^=nn where n= 0,1,2,3,... [ VIII- 34 ] 

and, therefore, 

= k^ sinGi„, = yjkf-kfcos^e^^ = ^k\-{n njdf wheren= 0,1,2,3,... [ VIII-35 ] 

which is the dispersion relationship for TM waves in a parallel plate 
waveguide. 
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Note that the TMq mode is a bona fide mode of propagation which does not 
have a "cutoff" frequency! 

Dielectric Slab Waveguide ; 

Consider the propagation of waves "trap in" or "guided by" a dielectric slab of thickness d. 

X 

A 
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In its full generality this is moderately complicated problem, but a rather simple ray optics 
model of the propagation is sufficient to yield dispersion relationships for the various 
possible modes of propagation. To obtain such relationships, consider the total internal 
reflection of a sequence of plane waves as illustrated below. 





Ginc ; 

y 


f k 








1 


\ ^^^^^^ 






X d 








^, ~^ 


<^ < 

s 




z 





T 



In order for the multiplely reflected wave to be self-consistence the following, relatively 
obvious, phase condition must hold:^^ 

A(^^^^ +A(^^^o+ 2 Ai J cos0i„^ =m27C where m = 0,1,2, 3,... [ VIH- 36 ] 

where A(|) and A(|) are, respectively, the phase shifts associated with the reflections 
at the upper and lower dielectric boundaries. 

For TE-modes of propagation Equation [ VIII- 26a ] gives the phase shift at the 
boundary (called in the trade the TE Goos-Hanchen shift) and Equation [ VIII- 36 ] 
becomes 



This equation is a direct generalization of Equations [ V-29 ] and [ V-34 ] which figured in our analysis of 
parallel plane waveguides. 
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cos 9:, 



cos 8:. 



or 



— - — Jtif-n =m7r+tan ' — ' 

V ^0 y 



+ tan 



[ VIII- 37a ] 
[ VIII- 37b ] 



where sinGj^^^ = ^fkj = njn^ (n is the effective index of the propagation mode). For the 
symmetric case (i.e., = nj, the self-consistence relationship for the TE modes is given by 



cos 0. 



tan 



^0 J cosGj^j 7t 

m — 

2 2 



[ VIII- 38 ] 



where = 0)/c= Ih/Xq- This is a transcendental equation in the single variable cosG^^^. 
Its solutions yield the allowed bounce angles, (Gj^j,)^^ , of possible modes and, hence, the 
allowed propagation constants since P= sinGj^^ The left and right sides of this equation 
may be plot as a function of cosGj^^, with kQd=n^ 2% [clfko) and sinG°"= nju^ as 

a parameters. The intersections of such curves yield the allowed bounce angles as 
illustrated below 
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LHS and RHS of Equation [ VIII- 38 ] 
for n, {d/\)= 0.5 and cos0i:'= 0.5 




0.1 0.2 0.3 0.4 0. 



LHS and RHS of Equation [ VIII- 38 ] 
for n, {dl\)= 1.5 and co%%Zl= 0-5 
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0.2 0.3 

COS 



0.4 



'inc 



LHS and RHS of Equation [ VIII- 38 ] 
for n, {d/\)= 1.0 and 0080;:'= 0.5 



0.5 




LHS and RHS of Equation [ VIII- 38 ] 
for n, {d/\)= 2.0 and 0080;;'= 0.5 



0.5 
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1974, Kogelnik and Ramaswamy ^4 developed a convenient formalism for treating slab- 
waveguide problems. First they introduced three new waveguide parameter ~ viz. 

The normalized frequency/slab thickness parameter V= k^d •^n\ - n\ [ VIII-39a ] 

The normalized waveguide index parameter b={n^ - n\^l{n]- n^^ [ VIII-39b ] 

The normalized waveguide asymmetry parameter «-(«s~"c)/("f~"s) t Vni-39c ] 

They then showed that Equation [ Vin-37b ] could be written 

V JT^ = m 7U+ tan"' ^bl{\-b) + tan"' ^{a + b)/{l-b) [ Vni-39c ] 

which can be used to generate the following family of curves: 



H. Kogelnik and V. Ramaswamy, Appl. Opt. 13, 1857 (1974). 
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